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Abstract

The classical Bernstein- von Mises (BvM) result is considered in finite
sample non-asymptotic setup. The approach follows the idea of Spokoiny
(2012) and it is mainly based on the local majorization device which is
introduced in that paper. The main attention is paid to notion of crit-
ical dimension which determines maximum allowed problem dimension
(p) given sample size (n). It is shown that condition ”(p3/n) is small”
is sufficient for BvM result to be valid. Also we provide an example
which shows the failure of BvM result in case, when this condition is not

satisfied .

AMS 2000 Subject Classification: Primary 62F15. Secondary 62F25,62H12
Keywords: bayesian inference, local quadratic majorization, concentration, semiparamet-

ric

1 Introduction

The prominent Bernstein — von Mises (BvM) theorem claims that the posterior measure is
asymptotically normal with the mean close to the maximum likelihood estimator (MLE)
and the posterior variance is nearly the inverse of the total Fisher information matrix.
The BvM result provides a theoretical background for Bayesian computations of the
MLE and its variance. Also it justifies usage of elliptic credible sets based on the first
two moments of the posterior. The classical version of the BvM Theorem is stated for
the standard parametric setup with a fixed parametric model and large samples; see
Le Cam and Yang (1990); van der Vaart (2000) for a detailed overview. However, in
modern statistic applications one often faces very complicated models involving a lot of
parameters and with a limited sample size. This requires an extension of the classical
results to such non-classical situation. We mention Cox (1993); Freedman (1999); Ghosal
(1999); Johnstone (2010) and references therein for some special phenomena arising in
the Bayesian analysis when the parameter dimension increases. Already consistency of
the posterior distribution in nonparametric and semiparametric models is a nontrivial
problem; cf. Schwartz (1965) and Barron et al. (1996). Asymptotic normality of the
posterior measure for these classes of models is even more challenging; see e.g. Shen
(2002). Some results for particular semi and nonparametric problems are available from
Kim and Lee (2004); Kim (2006). Cheng and Kosorok (2008) obtained a version of the

BvM statement based on a high order expansion of the profile sampler. The recent paper

fully acknowledged.
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Bickel and Kleijn (2012) extends the BvM statement from the classical parametric case to
a rather general i.i.d. framework. Castillo (2012) studies the semiparametric BvM result
for Gaussian process functional priors. In Rivoirard and Rousseau (2012) semiparametric
BvM theorem is derived for linear functionals of density and in forthcoming work Castillo
and Rousseau (2013) the result is generalized to a broad class of models and functionals.
However, all these results are limited to the asymptotic setup and to some special classes

of models like i.i.d. or Gaussian.

In this paper we reconsider the BvM result for a general parametric model. An im-
portant feature of the study is that the sample size is fixed, we proceed with just one
sample. A finite sample theory is especially challenging because the most of notions,
methods and tools in the classical theory are formulated in the asymptotic setup with
the growing sample size. Only few finite sample general results are available; see e.g. the
recent paper Boucheron and Massart (2011). This paper focuses on the semiparametric
problem when the full parameter is large or infinite dimensional but the target is low
dimension. In the Bayesian framework, the aim is the marginal of the posterior corre-
sponding to the target parameter; cf. Castillo (2012). Typical examples are provided by
functional estimation, estimation of a function at a point, or simply by estimating a given
subvector of the parameter vector. An interesting feature of the semiparametric BvM
result is that the nuisance parameter appears only via the effective score and the related
efficient Fisher information; cf. Bickel and Kleijn (2012). The methods of study heavily
rely on the notion of the hardest parametric submodel. In addition, one assumes that
an estimate of the nuisance parameter is available which ensures a certain accuracy of
estimation; see Cheng and Kosorok (2008) or Bickel and Kleijn (2012). This essentially
simplifies the study but does not allow to derive a qualitative relation between the full

dimension of the parameter space and the total available information in the data.

Some recent results study the impact of a growing parameter dimension p, on the
quality of Gaussian approximation of the posterior. We mention Ghosal (1999, 2000),
Boucheron and Gassiat (2009), Johnstone (2010) for specific examples. See the discussion

after Theorem 3.1 below for more details.

In this paper we show that the bracketing approach of Spokoiny (2012) can be used
for obtaining a finite sample semiparametric version of Bernstein — von Mises theorem
even if the full parameter dimension grows with the sample size. The ultimate goal of
this paper is to quantify the so called critical parameter dimension for which the BvM
result can be applied. Our approach neither relies on a pilot estimate of the nuisance
and target parameter nor it involves the notion of the hardest parametric submodel. The
obtained results only require some smoothness of the log-likelihood function, its finite

exponential moments, and some identifiability conditions. Further we specify this result
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to the i.i.d. setup and show that the imposed conditions are satisfied if p3/n is small.
We present an example showing that the dimension p, = O(n'/3) is indeed critical and

the BvM result starts to fail if p, grows over n'/3.

Now we describe our setup. Let Y denote the observed random data, and IP denote
the data distribution. The parametric statistical model assumes that the unknown data

distribution IP belongs to a given parametric family ([P,):
Y~P=P, € (P,,ve?l),

where T is some parameter space and v* € T is the true value of parameter. In the
semiparametric framework, one attempts to recover only a low dimensional component

0 of the whole parameter v . This means that the target of estimation is
def
0* = Puv*,

for some mapping P : 7 — IR?, and ¢ € N stands for the dimension of the target.
Usually in the classical semiparametric setup, the vector v is represented as v = (0, 7n),
where 0 is the target of analysis while 7 is the nuisance parameter. We refer to this
situation as (@, mn)-setup and our presentation follows this setting. An extension to the
v-setup with @ = Puv is straightforward. Also for simplicity we first develop our results
for the case when the total parameter space 7" is a subset of the Euclidean space of

dimensionality p.

Another issue addressed in this paper is the model misspecification. In the most of
practical problems, it is unrealistic to expect that the model assumptions are exactly
fulfilled, even if some reach nonparametric models are used. This means that the true
data distribution /P does not belong to the considered family (/P,,v € 7). The “true”

value v* of the parameter v can defined by

v* = argmax IEL(v),
vel

where L(v) = log %(Y) is the log-likelihood function of the family (IP,) for some
dominating measure p,. Under model misspecification, v* defines the best parametric
fit to IP by the considered family; cf. Chernozhukov and Hong (2003), Kleijn and van der
Vaart (2006, 2012) and references therein. The target 8* is defined by the mapping P:

0* < py*.
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2 Main results

In what follows, by C we denote a generic fixed constant which does not depend on the
dimensions ¢, p of the target and of the full parameter. In most of statements below this
constant can be made explicit. We also suppose that a large constant x is fixed which
specifies random events §2(x) of dominating probability. We say that a generic random

set §2(x) is of dominating probability if
P(2(x)) >1—Ce™™

One of the main elements of our construction is p X p matrix Dg which is defined

similarly to the Fisher information matrix:
2 def 2 *
Dj = =V IEL(V"). (2.1)

Here and in what follows we implicitly assume that the log-likelihood function £(v) is
sufficiently smooth in v, V£(v) stands for its gradient and V2IEL(v) for the Hessian
of the expectation I[EL(v). Also denote V “ve (v*) and define the score vector

¢y, (2.2)

The definition of v* implies VIEL(v*) =0 and hence, IF§ =0.
For the (0,n)-setup, we consider the block representation of the vector V and of
the matrix and D3 from (2.1):

v Ve ), oo Dg Ao )
Vn Ay H?

Define also the ¢ x ¢ matrix Dg and random vectors 69,5 € R? as

The ¢ x ¢ matrix Dg is usually called the efficient Fisher information matrix, while the
random vector E € IR? is the efficient score.

Let II be a prior measure on the parameter set 1T". Below we study the properties of
the posterior measure which is the random measure on 7" describing the conditional dis-
tribution of v given Y and obtained by normalization of the product exp{£(v) }II(dv) .

This relation is usually written as

v |Y o exp{L(v)} II(dv). (2.4)
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An important feature of our analysis is that L(v) is not assumed to be the true log-
likelihood. This means that a model misspecification is possible and the underlying data
distribution can be beyond the considered parametric family. In this sense, the Bayes
formula (2.4) describes a quasi posterior; Chernozhukov and Hong (2003). Below we
show that smoothness of the log-likelihood function £(v) ensures a kind of a Gaussian
approximation of the posterior measure. Our focus is to describe the accuracy of such
approximation as a function of the parameter dimension p and the other important
characteristics of the model.

We suppose that the prior measure II has a positive density 7(v) w.r.t. to the

Lebesgue measure on 1°: II(dv) = w(v)dv. Then (2.4) can be written as
v |Y x exp{L(v)}7(v).

The famous Bernstein-von Mises (BvM) theorem claims that the posterior centered by
any efficient estimator v of the parameter v* (for example MLE) and scaled by the

total Fisher information matrix is nearly standard normal:
Do(v —0) | Y == N(0,1,),

where I, is an identity matrix of dimension p. An important feature of the posterior
distribution is that it is entirely known and can be numerically assessed. If we know in
addition that the posterior is nearly normal, it suffices to compute its mean and variance
for building the concentration and credible sets.

In this work we investigate the properties of the posterior distribution for the target

parameter ¥ = Pv. In this case (2.4) can be written as
9|Y x /exp{L(v)}ﬂ(v)dn. (2.5)
The BvM result in this case transforms into
Do(9 —0) | Y -5 N(0, 1) ,

where I, is an identity matrix of dimension ¢, 0= Pv, and Dg is given in (2.3).

We consider two important classes of priors, namely non-informative and continuous
priors. Our goal is to prove that under reasonable conditions, the posterior measure for
target parameter (2.5) is close to a Gaussian distribution with properly chosen mean and
variance even for finite samples. The other important issue is to specify the conditions
on the sample size and the dimension of the parameter space for which the BvM result

is still applicable.
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First we state the BvM result about the properties of the 1 -posterior given by (2.5)

in case of uniform prior, that is, 7(v) =1 on 1. Define

9 def def

Y EW|Y), © ov(®) € E{®-9)©®-9)" |Y}.

Also define
0= 0"+ Dy'E.

Below we present a version of the BvM result in the considered nonasymptotic setup
which claims that 9 is close to 0 , 62 is nearly equal to Do_ 2 and ﬁo (19 — é) is nearly
standard normal conditionally on Y . Recall the notation C for a generic absolute

constant and x for a positive value ensuring that e™*

is negligible. By §2(x) we denote
a random event of dominating probability with ]P(Q(x)) >1—Ce *.

Our results require some conditions to be satisfied, see Section 4.1 for a precise for-
mulation. The conditions include among others the quantity € which is defined in terms
of the imposed conditions on the model; see (4.3). This value is rather small in typical

situations. For example, in i.i.d case it holds € = Cy/(p+x)/n.

Theorem 2.1. Suppose the conditions of Section 4.1. Define the random quantity

def
p=p+IElP+x,

where &€ is defined by (2.2). There exists a random event (2(x) of a dominating proba-
bility such that it holds on (2(x)

1Do(® —0)|* < Cep,

I, — Do&> Dol < Cep,
and also ||€||* < C(p +x). Moreover, for any measurable set A C IRY

eXp(—Cep){P(’y € A) —+/Clep + €2 p? q)} —Ce *
< PG '(9-9) e A|Y)

< exp(Cep){]P(‘y € A) + /Clep + €2 p? q)} + Ce ™. (2.6)

If ¢ is fixed then the condition “ep is small” yields the desirable BvM result, that is,
the posterior measure after centering and standardization is close in total variation to the
standard normal law. All the error terms are given explicitly up to absolute constants.
Moreover, the statement can be extended to situations when ¢ grows but €2p?q is still

small. The results for a non-informative prior can be extended to the case of a general
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prior I1(dv) with a density w(v) which is uniformly continuous, see Section 4.3 for

details.

3 The i.i.d. case and critical dimension

This section comments how the previously obtained general results can be linked to the
classical asymptotic results in the statistical literature. The nice feature of the whole
approach based on the local bracketing is that all the results are stated under the same
list of conditions: once checked one can directly apply any of the mentioned results.
Typical examples include i.i.d., GLM, and median regression models. Here we briefly
discuss how the BvM result can be applied to one typical case, namely, to an i.i.d.
experiment.

Let Y = (Y1,...,Y,)" be an iid. sample from a measure P. Here we suppose the
conditions of Section 5.1 in Spokoiny (2012) on P and (P,) to be fulfilled. We admit
that the parametric assumption P € (P,,v € 7") can be misspecified and consider the
asymptotic setup with n growing to infinity and simultaneously p = p, growing to

infinity. In this setup the following theorem is valid.

Theorem 3.1. Suppose the conditions of Theorem 5.1 in Spokoiny (2012). Let also
pn — oo and pd/n — 0. Then the result of Theorem 2.1 holds with € = C\/pn/n,

@% = nlFy+ , where Fy~ is the Fisher information of (P,) at v*.

A similar result about asymptotic normality of the posterior in a linear regression
model can be found in Ghosal (1999). However, the convergence is proved under the
condition p?log(p,)/n — 0 which appears to be too strong. Ghosal (2000) showed that
the dimensionality constraint can be relaxed to p2/n — 0 for exponential models with
a product structure. Boucheron and Gassiat (2009) proved the BvM result in a specific
class of i.i.d. model with discrete probability distribution under the condition p3/n —
0. Further examples and the related conditions for Gaussian models are presented in
Johnstone (2010).

3.1 Critical dimension

This section discusses the issue of a critical dimension. Namely we assume that the total
dimension p grows with the sample size n and write p = p,. Theorem 3.1 requires
that p, = o(nl/ 3) . Here we show that this condition is essential and cannot be dropped
or relaxed. Namely, we present an example for which p3 /n > 52 > 0 and the posterior

distribution does not concentrate around MLE.
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Let n and p,, be such that M,, = n/p,, is an integer. We consider a simple Poissonian
model with Y; ~ Poisson(v;) for i € Z;, where Z; o {i : [i/M,] = j} and j =

1,...,pn. Let also u; = logv; be the canonical parameter. The log-likelihood £(u)

with w = (u1,...,up,) reads as
Pn
L(w) =3 (Zyuj = Mae™),
j=1
where

We consider the problem of estimating the mean of the wu;’s:

G:L(u1+...+upn).

Pn

Below we study this problem in the asymptotic setup with p, — oo as n — co when
the underlying measure IP corresponds to uj = ... =u, = u" for some u" yielding
0* = u*. The value u* will be specified later. Define 5, = pn/M%/2 = pi/2/n1/2. If
n =p> , then B, = 1. We consider an i.i.d. exponential prior on the parameters v;j of

Poisson distribution:

v ~ Exp(p).

Below we allow that u may depend on n. Our results are valid for yu < C 1ngLn . The

posterior is Gamma distributed:
v; | Y ~ Gamma(aj, 1),

where o =1+ Zite Yi, pnj= Mnl;H : N
First we describe the profile maximum likelihood estimator 6,, of the target parameter

0. The MLE for the full parameter v reads as © = (T1,...,0p,)  with
U; = Zj/M,.

Thus, the profile MLE 0,, reads as
- 1 &
0, = — Zlog(ﬂj).
Pn

Furthermore, the efficient Fisher information lv)g is equal to 3,2p2; see Lemma 5.4

below.
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il

Figure 3.1: Posterior distribution of 3, 1p, (9 — gn) for 8, = 1/log(pyn), Bn =1, and

Brn =log(py) . Solid line is for posterior mean and dashed line is for true mean.

Theorem 3.2. Let Y; ~ Poisson(v*) forall i=1,...,n, v*=1/p,. Then

1. If B, — 0 as p, — oo, then

By pn (60— 0,) | Y 2 N(0, 1),

2. Let 8,=06>0. Then

B a0 —6,) | Y 5 N(B/2,1).

3. If B, — oo but ﬁz/\/ﬁl—)(), then

Bglpn(Q — gn) |Y - 0.

We carried out a series of experiments to numerically demonstrate the results of
Theorem 3.2. The dimension of parameter space was fixed p, = 10000. Three cases

were considered:

1. B, = @ , which corresponds to 5, — 0,n — .
2. Bn=1.
3. Bn =logp, , which corresponds to 3, — co,n — c0.

For each sample 10000 realizations of Y were generated from the exponential distribution
Exp(vs) and so were corresponding posterior values 6 ‘ Y . The resulting posterior
distribution for three cases is demonstrated on Figure 3.1. It can be easily seen that

results of Theorem 3.2 are numerically confirmed.

4 Supplementary

This section contains the imposed conditions and some supplementary statements which

are of some interest by itself.
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4.1 Conditions

Our approach assumes a number of conditions to be satisfied. The list is essentially as
in Spokoiny (2012), one can find there some discussion and examples showing that the
conditions are not restrictive and are fulfilled in most of classical models used in statistical
studies like i.i.d., regression or Generalized Linear models. The conditions are split into
local and global. The local conditions only describe the properties of the process £(v)

for v € Yp(ro) with some fixed value rq:
def *
To(ro) = {’U eT: ||®0(U — v )H < ro}.

The global conditions have to be fulfilled on the whole 7. Define the stochastic compo-
nent ((v) of L(v):

We start with the local conditions.

(EDo) There exists a constant 1 > 0, a positive symmetric pxp matrix V2 satisfying
Var{V({(v*)} < V%, and a constant g > 0 such that for all |u| <g

<vc<v*>,v>} e
Vorl S =2

sup log IE exp {u
~yEIRP

(EDy) For all 0 < r < rp, there exists a constant w(r) < 1/2 such that for all
v e Yy(r) and |p| <g

(. V¢(v) — V¢(v¥)) } vt

log IE <
Py eXp{“ w(T) Vo | =2

~eRP
(Lo) There exist a symmetric p x p matrix D2 and a constant J(r) < 1/2 such that
it holds on the set 1p(r) for all r < r

—2EL(v,v*) '
——— — 1| < 4(x).
[Do(v — v*)|]?

The global conditions are:

(Lr) For any r > rg there exists a value b(r) > 0, such that

—IEL(v,v") .
Volw — w2 = 2

(Er) For any r > r( there exists a constant vy > 0 and a constant g(r) > 0 such that

(VEw).N _ B
{“ 1Yo }S 2

sup sup sup logIF exp
veYp(r) p<lg(r) YERP
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Condition (€r) will be made more precise by specifying the rate of decay of the function
g(r); (see section 4.2).
Finally we specify the regularity conditions. We begin by representing the information

and the covariance matrices in block form:

D? A V2 B
o (B ) (8 )
AO HO BO QO

The identifiability conditions in Spokoiny (2012) ensure that the matrix Dg is positive
and satisfied aQD% > \73 for some a > 0. Here we restate these conditions in the special

block form which is specific for the (6,n)-setup.
(Z) There are constants a > 0 and v < 1 such that
a’D3 > V¢, &HE>QE  o«’DE>Vi (4.1)
and

1D AoHy 2 Ag Dy oo < v (4.2)

The quantity v bounds the angle between the target and nuisance subspaces in the
tangent space. The regularity condition (Z) ensures that this angle is not too small and
hence, the target and nuisance parameters are identifiable. In particular, the matrix lv?%
is well posed under (Z). The bounds in (4.1) are given with the same constant a only
for simplifying the notation. One can show that the last bound on @% follows from the
first two and (4.2) with another constant a’ depending on a and v only.

Also we introduce a constant €, which depends on the choice of the local zone ra-

dius rg:

€ = 3up a® w(ro) + d(rg). (4.3)

4.2 Bracketing and upper function devices

This section briefly overviews the main constructions of Spokoiny (2012) including the
bracketing bound and the upper function results. The bracketing bound describes the
quality of quadratic approximation of the log-likelihood process £(v) in a local vicinity
of the point v*, while the upper function method is used to show that the full MLE v
belongs to this vicinity with a dominating probability. Introduce the notation L(v,v*) =

L(v) — L(v*) for the (quasi) log-likelihood ratio. Given r > 0, define the local set

To(r) = {v: (v— v*) T DE(v —v*) < rz}.
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For €, define the bracketing quadratic processes Le(v, v*) and Le(v, v*):
%y def * * *
Le(v,v*) = (v —v*)TVL(V) = || De(v — v")|P/2,

D2 D1-e), & YD IVL(WY)

and accordingly for € = —e.

The next result states the local bracketing bound. The formulation assumes that

X

some value x is fixed such that e™* is sufficiently small. If the dimension p is large, one

can select x = Clog(p). Also a value ry has to be fixed which separated the local and

global zones.

Theorem 4.1. Suppose the conditions (EDy), (ED1), (£Lo), and (I) from Section 4.1
with 3 > C(a? +1)(p +x) for a fized constant C. Then

Le(v,v") — Ge(ro) < L(v,v*) < Le(v,v") + Ge(ro), v € To(ro), (4.4)

where the random variables {e(ro), $e(ro) fulfill on a random set £2(x) of dominating

probability
Qe(ro) <Ce(p+x),  Qelro) <Ce(p+x). (4.5)
Moreover, the random vector &€ = Dy 'V.L(v*) fulfills on 2(x)
1€]1* < cE€]* < ca?(p +x).
Furthermore, assume (Er) and (Lr) with b(r) =b yielding
—EL(v,v*) > b | Dy(v — v*)|?

for each v € T\ To(xo) . Let also r3 > C(a>Vb~!) (p+x) and g(r) > Cb for all r > 1o ;
see (Er). Then

L(v,v") < —u(v), v e T\ To(ro). (4.6)

holds on a random set £2(x) with u(v) = b ||Do(v — v*)||?/2.

The results (4.4) and (4.5) are stated in Spokoiny (2012) but for a slightly different
definition of DZ and D2. Namely, for € = (4, 0) , one defines D = DF(1—6) — Vi and
similarly for € = —e. However, these two constructions are essentially equivalent due to

the identifiability condition (Z). Indeed, a®>D3 > V3 implies
D1 —0)— V3> (1—e)DE, D31+ 0)+ oV2 < (14 €)DE

with € = § + a%p.
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4.3 Extension of Theorem 2.1 to a continuous prior

The results of Theorem 2.1 for a non-informative prior can be extended to the case of a
general prior IT(dv) with a density 7(v) which is uniformly continuous on the local set

Yo(ro) . More precisely, let 7(v) satisfy

(V) (V)

r(v*)

1) < a, sup <, (4.7)

sup
vel W(U*)

’UET()(ro)
where « is a small constant while C is any fixed constant. Then the results of Theo-
rem 2.1 continue to apply with an obvious correction of the approximation error.

As an example, consider the case of a Gaussian prior IT = N(0, G=2) with the density
m(v) o exp{—||Gv||?/2} . In addition, suppose that the value ||Gv*|| is bounded by a

fixed constant. Then

(V)

]
& (v

and the condition (4.7) is fulfilled if ||G(v —v*)|| is a small number for all v € Yp(xo).

= —[|Gv|?/2 + |Gv*|*/2 = (v — V") G*o* — ||G(v — v")|/2,

The non-informative prior can be viewed as a limiting case of a Gaussian prior as G — 0.
We are interested in quantifying this relation and addressing the question, how small

should G be to ensure the BvM result. It is obvious from the definition of 15(rp) that
IG(v — o)l = [|GDg " Do(v — v")|| < GDg floo x0-
Similarly
(v — ") G*o*| <GV - [|G(v — o) < [GU7[| - | GDG e ro-

Therefore, (4.7) effectively requires that ||GDy'||ls o is small. A proper choice of rg is
given by r2 = C(p + x) yielding the rule “||GDy || (p + x)!/? is small”.

Theorem 4.2. Suppose the conditions of Theorem 4.1. Let also II = N(0,G™2) be a

Gaussian prior measure on IRP such that
|Gv*|| < ¢, G? <ceDj,
and €(p+x) is small. Then the BuM result (2.6) of Theorem 2.1 holds.

4.4 Tail posterior probability for full parameter space

The next step in our analysis is to check that v concentrates in a small vicinity 1j(zp)

of the central point v* with a properly selected rg. The concentration properties of the
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posterior will be described by using the random quantity

fT\To(ro) exp{L(v,v*)}dv
fTo(ro) exp{L(v,v*) }dv

p*(ro) =

Theorem 4.3. Suppose the conditions of Theorem 4.1. Then it holds on §2(x)

P (ro) < exp{Oe(ro) + v(x0)} (1 = e)p/QJP(W > brg),
with
v(ro) € —log P(||y +¢&|| < o | Y). (4.8)
Similarly, for each m >0
Pin(x0) E B[ De(v — vo)|™ T{v & To(ro)} | Y]

e\ P/?
< ep(Oclrn) + vlru)} (F55) E[Im W > o).

where ve = v* 4+ D YE, .

This result yields simple sufficient conditions on the value rg which ensures the

concentration of the posterior on Yy(rp) .

Corollary 4.4. Assume the conditions of Theorem 4.3. Then inequality br3 > C(p+x)

ensures

pr(ro) <e ™ m=0,1,2.

4.5 Tail posterior probability for target parameter

The next major step in our analysis is to check that @ concentrates in a small vicinity
©o(ro) {0 \DO(H 0| < ro} of the central point 8* = Pv* with a properly selected
ro. The concentration properties of the posterior will be described by using the random

quantity

p(r ) déf fT exp{L(’U,U*)}w v H{O §é @0 }d’u
0 fT exp{L(v,v*)}w v ]I{O € Oy(r }dv

In what follows we suppose that prior is uniform, i.e. 7(v) =1, v € 7. This results in

the following representation for p(rg):

Sy exp{L(v,v*)} {6 ¢ Oy(xo) }dv
fT exp{L v, V*) }]I{O € Oy(r }dv

p(ro) = (4.9)
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Obviously IP(8 & Oy(ro)|Y) < p(ro) . Therefore, small values of p(ro) indicate a small
posterior probability of the large deviation set {6 ¢ Og(rg)}. Define

D2=(-eDi  DX=(1+e)D

L]

Theorem 4.5. Suppose (4.4). Let a random set £2(x) be such that IP(£2(x)) > 1—Ce™™
and (4.6) holds on §2(x). Then on §2(x)

N
plae) < " (x0) < exp{Oclr) +m0)) (F55) Pl > vrd),

where v(rg) is from (4.8). Similarly, for each m >0

Pi(xo) = E[[|De(d — 0¢)||™ 1{D ¢ Oo(x0)} | Y]

1+ €
b

p/2
Sexp{<>6<ro>+u<ro>}( ) E™ 1(j]? = b22)].

4.6 Local Gaussian approximation of the posterior. Upper bound
It is convenient to introduce local conditional expectation: for a random variable 7,
define

B B 1{8 € Oy(x0)} | Y]

The following theorem gives exact statement about upper bound of this posterior prob-
ability. Let
0 < 0"+ D¢,

def
0. =

0"+ D€ =0"+(1-€e) 1Dy,
where £, = D;'Vg = (1 — €)~1/2€.

Theorem 4.6. Suppose (4.4). Let a random set 2(x) be such that P{£2(x)} > 1—Ce™*
and (4.6) holds on §2(x). Then for any f:R? — R4

E° f(De(® — 0c)) < exp{ AL (r0)} Ef(v), (4.10)

where v ~ N(0,1,;) and

ef 1+e€
Al (xo) de Ae(ro) + glog(l — e) +v(xro) + py(ro),

Ac(ro) & Gelro) + Oelro) + (€1 = 1€]1) /2,

pi(ro) Fr\tutwo) XP{L(v, v") } £ (De(6 — 0)) v
! Jry(eo) exp{L(v,v*)} f(De(8 — 0)) dv
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The next result considers a special case with f(u) = ‘)\Tuf .

Corollary 4.7. For any A € IR4
E°|XT Do(9 — )] < exp(AZ (o)) A%, (4.11)
where

A& (xo) = AL (xo) — log(1 — €) + Ceexp (AL (x0)/2) |€]] + C€® [|€]1>.
On Q2(x) one obtains AP(rg) < Cep.
Define for random event n € A C R?:
P°(ne A) =[E°1{nc A}.
The next corollary describes an upper bound for the posterior probability.
Corollary 4.8. Let Dy be symmetric qxq matriz such that |I—D7 D3D7 s < Cep

and let 6 € RY be such that | Do(6— 5)”2 < Cep. Then for any measurable set A C IR,

it holds on $2(x) with ¢ e Dy(6. — 6)

P°(Dy(9 — 6) € A) < exp{Af (xo)  IP(D1D 'y + 8 € A) (4.12)

< exp{Af(ro) }{IP(v € A) +/Clep+ €p2q)}. (4.13)

4.7 Local Gaussian approximation of the posterior. Lower bound

Let 6 = 0" + Dglég, where Eg = D;lﬁg . Now we present a local lower bound for the
posterior probability:

Theorem 4.9. Suppose (4.4). Let a random set £2(x) be such that IP{f2(x)} > 1—Ce ™
and (4.6) holds on §2(x). Then it holds on §2(x)

E°f(De(9 — 8e)) = exp{—A, (xo)} Ef(7) L{||7| < Cro}, (4.14)

where

Ace0) ® Adro) + F1o(155) 4 v(0) + 7 (00) + 275 0)

7 1(xo) def pr\TO (xo) eXP{L v, v }f( (60— 0)) dv
! fTo(ro)exp{Lg v, v*) }f( (0 — 6,)) dv
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This result means that posterior has lower bound which is nearly standard normal up
to (small) multiplicative and additive constants. As a corollary, we state the result for a
quadratic function f. Here we need an additional condition that the r3 > C(p + x) for

C sufficiently large.

Corollary 4.10. Let 2 > C(p+x). For any X € IRY
E°|XT Do(9 — 8)|* > exp(—AZ (x)) | A,
where
A (x0) = A (xo) +log(L + €) + Ceexp(A (ra)/2) [I€]| + Ce® [|€]1* + e

Let D? be a symmetric q X q matriz such that |I — Dy*DED{ Yoo < Cep and let
6 € R? be such that 1Dy (0 — 5)”2 < Cep. Then for any measurable subset A in IR?,
it holds on 2(x) with §¢ = D1(0e — 5)

P°(D1(0 — ) € A) > exp{ A7 (x0) }IP(D1D 'y + §c € A) — e ™™
exp{Ag(ro)}{lP('y € A) —+/Clep+ erQq)} —e X

On 2(x), it holds AZ(rg) < Cep, AP(rg) <Cep.

v

The proof of this Corollary is similar to Corollary 4.8 and Corollary 4.7.

5 Proofs

This appendix collects the proofs of the results.

5.1 Proof of Theorem 4.5

Obviously
{9 §§ @o(ro), (ONS T} C {T\To(ro)}.

Therefore, it holds for the integral in the nominator of (4.9) in a view of (4.6)

/ exp{L(v,v*)} I{0 ¢ Oy(r¢)} dv < / exp{L(v,v*)} dv.
r

T\Yo(xo)

For the local integral in the denominator, the inclusion 1y(rg) C {0 € O(rp),v € T}
and (4.6) imply

/ exp{L(v,v*)} 1{0 € Oy(r¢)} dv > / exp{L(v,v*)} dv.
r

Yo(ro)
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Finally

Sy exp{L(v,v")} {0 ¢ O(xo) v _ Jr\ 7 (eg) XPLL(V, V%) v
Jyexp{L(v,v*)} T{6 € Oy(x¢) }dv fTo(ro) exp{L(v,v*)}dv

p(ro) = = p*(ro),

and the assertion follows from Theorem 4.3.

5.2 Proof of Theorem 4.6

We use that Le(v, v*) = €] De(v —v*) — || De(v —v*)||?/2 is proportional to the density

of a Gaussian distribution and similarly for Le(v,v*). More precisely, define

me(€e) © —[|€]1?/2 + log(det De) — plog(v/2). (5.1)

Then

me(€e) + Le(v,v7)
= || De(v — v*) — €[1*/2 + log(det De) — plog(v'2r)
is (conditionally on Y ) the log-density of the normal law with the mean v, = D_ 1€, +v*
and the covariance matrix D_2. If we perform integration and leave only @ part of v
then me(€,) + Le(v, v*) is (conditionally on Y') the density of the normal law with

the mean 6, = De_ lée + 6" and the covariance matrix lu?e_ 2. So, for any nonnegative

function f:R? — Ry we get
/Texp{L(U, ")+ me(€)} £ (Del - 00)) do

= [ ep{bww) + mel} F(De8 - 00) dv
Yo(ro)

+/ exp{L(v,v") + me(€& }f( 6.)) dv
T\To(ro)
= (14 ps(ro)) / exp{L(v,v*) + me(&,) } f(ﬁe(e —0.)) dv
Yo(zro)
< eoéerf(rD)/ exp{Le(v, v*) + me(& }f( —0)) dv
Yo(ro)

IN

Ot (x0) / exp{Le(v,v") + me(£)} (De(0 — 8,)) dv
Rp

— Ce(ro)+py(xo) Ef(~).
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Thus,

/Texp{L(v, v*)} f(De(6 - 8)) dv
< exp{Qe(ro) — me(&e) + pr(ro)} Ef(7)- (5.2)

Similarly, me(€,) is defined by (5.1) with € in place of €, and the value me(€.) +
Le(v,v*) is (conditionally on Y') the density of the normal law with the mean v, =

Dé_léé + v* and the covariance matrix D;Q . So, it holds
/ exp{L(v,v*)} dv > / exp{L(v,v*)} dv
r Yo(xo0)

> exp{—Qe(ro) —me(€e)} exp{Le(v, v") + me(€) } dv. (5-3)

Yo(ro)

Further, by construction, D2 > DF and ||£[| < [|€]|, yielding
{De'(u+&) € To(mo)} = {[[DoDe’ (u+&)|| < 7o} > {lu+&]l <o}
Hence, inequality (5.3) implies by definition of v(rg):
/Texp{L('u, v¥)}du > eXp{—Og(ro) — mg(ﬁg) — u(ro)}. (5.4)
Now (5.2) and (5.4) imply

[rexp{L(v,v*)} f(De(8 — 6¢)) dv
Jyexp{L(v,v*)} dv

< exp{Qe(ro) + Oe(ro) +me(€e) — me(ée) + v(xo) + pr(ro) } Ef ()

and (4.10) follows by definition of me(€,), me(€,), Ae(ro) and Af(ro).
5.3 Proof of Corollary 4.7
As a direct implication of (4.10) one easily gets
E°|ATDe(® — 60)[* < exp(A] (x0)) A% (5.5)
Furthermore,

E°|AT Do(9 - 6)

2

= (1— ) "E°ATDe(® — 0) + —— ATé
—€
1 oy T 7 2 2e]ATE| o Tr ATE?
<1 F A" De(9 —6c)|” + (1_6)2115 A" De(9 —6c)| + (PR
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This, bound (5.5) and the elementary inequality e* 4+ b < e®*® for a,b > 0, imply for
€e<1/2

E°|AT Dy(9 - 6)|°

< [exp(A¢ (ro) —loa(1 - ©)) + Ceexp(A{ (x0)/2) €] + 2 1] N2

IN

exp( A% (ro) ~ loa(1 — €) + Ceexp(A{ (x0)/2) €] + G |€]12) |2

and (4.11) follows from definition of AZ(ro). It can be easily shown that on 2(x)
Af(rg) < Cep. The only important step is to show that p,2(rg) is small. It follows
S ro)\ATD (6 —0,) \ exp{L(v,v*)} dv

fTo (zo) ‘)\TD (6—06.) ‘ exp{L(v,v*) }dv

P2 (r0) =

fT\Tg(ro ‘)\TD 6—20.) ‘ exp{ b||Do(v — v*)]] /2}dU
ooy | AT De(6 - ) )[? exp{Le(v, v*) dv

e A De(v = 0| exp{ b Do(v — v)|2/2} dv
fTo(ro)}AeTﬂf(U o UE)‘Q eXp{LE(U7 U*>}dv

e AT Do = 07)? exp{=b] Do — v7)|/2) o
fTo(ro) ‘)\;Dg(v — 'vg)‘2 exp{Lg(v, v*)} dv

IN

2 2
c E|X;v|" I{|lvl > cro} +e) E|Xg~|” I{||v|| > cro}
2 - 2 ’
E|X~|" T{||v|| < cxo} E|Xg~|” T{|lv|l < Ccxo}

DeX DX
AozDal( 0 ) Ae = el( 0 ):(1—6)”%),

and similarly for A, and 0 is a zero vector of dimension (p—q). A choice of 3 = C(p+x)

where

with a proper absolute constant C ensures that p,2(rp) < e *.

5.4 Proof of Corollary 4.8

The first statement (4.12) follows from Theorem 4.6 with f(u) = ]I(Dnglquée €A).

Further, it holds on 2(x) for & « D1(6, — 6)

18e)1? = [ D1(8e — 0)[|* < (1 +Cep)||Do(8e — )]
(1+Cep)(||Do(8e — )] + || Do(6 — 8)[|?)

(1+Cep)(4€’]|€* +Cep) < C(e*q+ep). (5.6)
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For proving (4.13), we compute the Kullback—Leibler divergence between two multivariate
normal distributions and apply Pinsker’s inequality. Let ~ be standard normal in IR?,
and IPy stand for its distribution. The random variable D1D6_ ly 4+ 8, is normal with
mean & and variance B! & D1D:2D; . Denote this distribution by IP,. Obviously

1y = Belloo = |11y = Dy ' DZDT oo = |1y = (1 = €) DT ' DDT ! |oc
which implies ||Be — I4|loc < Cep. We use the following technical lemma.

Lemma 5.1. Let ||Be — Ijl|oc < e < 1/2. Then

dIP,
2K(IPy, IPe) = —21IEglog P, (7)

< tr(Be — Ig)* + (1 + a)[|8e]* = a2 g + (1 + ae) [ 5e]|*.
Proof. It holds

dIP,
dIP,

2log —=(v) = —logdet(Be) — (v — 8¢) " Be(y — 8e) + |||

and

1P, )
dip, 7

= logdet(Be) + tr(Be — I,) + 8. Bede.

QfK(]P(), ]Pe) = —QEO log

Denote by a; the jth eigenvalue of Be — I;. Then |Be — Ij|loc < ae < 1/2 yields
laj| <1/2 and

a q
2K(IPy, IPe) = 8. Bebe + Z{aj —log(1+a;)} < (1+ ae)llde® + Z %2‘
j=1 j=1
< (L4 ae)lldel® + tr(Be — Ip)* < (1 + ae)||8e]* + aZ g.
as required. O
This lemma with e = Cep < C and (5.6) imply by Pinsker’s inequality
2 1 2 2.2 2.2
1Po = Pel[7y < 5K (IPo, Pe) < C(€°q + ep) + Ce™p”q < Cep + €p7q).

Equivalently, for any measurable set A, it holds

IP(D1D€_1’Y+ 0 €A ‘ Y) < IP(y € A)++/Clep + €*p?q).
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5.5 Proof of Theorem 4.9

As in proof of Theorem 4.6, consider me(§,) which is defined by (5.1) with € in place
of €. The sum me(§,) + Le(v,v*) is conditionally on Y the log-density of the normal
law of v = (0,7n). Its @-marginal obtained by integration w.r.t. n is again the normal
density with the mean 6, = ﬁ; 1E§ + 0" and the covariance matrix D; 2. So, for any

nonnegative function f:R? — R, , it holds

/Texp{L(v,'v*)} F(De(0 —8¢)) I{O € Oy (xo)} dv

> / exp{L(v,v")} F(De(6 - 6,)) dv
Yo(x0)

Y

exp{~Oe — me(€,)) /T  ep{leww)} F(D0 - 00) do

> expl=0c ~me(e)} [ exp{La(v.v")} (D0~ 00) v

— exp{—0ec — me(£L)} exp{Le(v,v")} (De(6 — 60)) dv
RP\Yo(ro)

= exp{=0c = me(€9}(1 = 77) [ exp{Le(v.0")} £(De(6 —00) v

> ep(~0e - me€}1-71) [ exp{Le(w,v)} (Del6 - 60) dv
O (ro) xR(P—a)
> exp{—0c — me(€e) — 257} ES(7) I{|7] < Cro}, (5.7

Here we used that 1 —a > e 2 for 0 < a < Similarly,

1
5
/Texp{L(v, v*)}dv = /To(ro) exp{L(v,v")} dv +/T exp{L(v,v")} dv

\Yo(ro)

= {1+ p*(ro)}/ exp{L(v,v")} dv

Yo(ro)

< {1+ p*(r0)} exp{Gec — me(€e)} P(|| DD (v + &o)|| <o | Y).
Further, by construction, D? < D3 and [|€]| > ||€], yielding

{DcH(u+&) € To(ro)} = {||DoDc (u +£.)|| < xo} C {llu+E&ll <xo},
and finally

/Texp{L('v7 v*)} dv < exp{Pec — me(&) + v(ro) + p*(ro)}- (5.8)
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The bounds (5.7) and (5.8) imply

Jy exp{L(v, v*)}f(b§(0 — 05)) dv
Jyexp{L(v,v*)} dv
exp{—Qec —me(&e) — 2p5} Ef(v) L{[|y]| < Cro}
eXP{Qe —me(§e) +v(ro) + P*(ro)}

exp{—Ae¢ — 2e — 2ps HEf () T{|7]| < Cro}
exp{v(xo) + p*(ro) '

This yields (4.14).

5.6 Proof of Theorem 2.1

Due to our previous results, it is convenient to decompose the r.v. 9 in the form
Y= I[{’l9 € QO(ro)} + ]I{19 ¢ @o(ro)} =9° +9°.

The large deviation results yields that the posterior distribution of the part 9° is neg-
ligible provided a proper choice of ry. Below we show that 9° is nearly normal which

yields the BvM result. Define
9. ¥ Ee9, &2 Cov(w) & E{(9—-0.)(9-0.)"}.
It suffices to show that holds on (2(x)

1Do(e — )] < cA;

HIq — .bo@ibo“oo < CA:,

where A = max{AP AP} <Cep.
Consider n def Do(ﬁ — é) . Corollaries 4.7 and 4.10 yield for any A € IR? that

A exp(~A7) < E°[ATn|* < A2 exp(At) (5.9)
with A7 = AP and AT = AP . Define the first two moments of n:
ne e, S2EE{m-mn-m'} = D&Dy.
Use the following technical statement.

Lemma 5.2. Assume (5.9). Then with A* = max{AT, A7} <1/2

l* < ca®, 1S3~ Il < cA™. (5.10)
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Proof. Let u be any unit vector in IR?. We obtain from (5.9)
exp(—A7) < ZEO|uTn‘2 < exp(A™).
Note now that
]EoluTn‘Q = u'S%u + |u' 7%
Hence
exp(—A7) <u'S2u+ |u' 7> < exp(AT). (5.11)
In a similar way with w =7/(|7|| and ~ ~ N(0, I,)
Elu'(n-m)|" > 4 Blu’ (v -m)|" = (1+ [7])
yielding
W' S2u > (1+ [7]2) exp(—A7).
This inequality contradicts (5.11) if ||[9]|? > 24* > 1, and (5.10) follows. O
The bound for the first moment implies with 9, = IE°9
1 Do(9s — 6)|* < cA:
while the second bound yields with
|Do&2D0 — 1| < CA:.

The last result follows from Corollary 4.8 and 4.10 with D; = &~! and 0="0.

5.7 Proof of Theorem 3.1

The bracketing bound and the large deviation result of Theorem 4.1 apply if the sample
size n fulfills n > C(p, + x) for a fixed constant C. It appears that the BvM result

requires a stronger condition. Indeed, in the regular i.i.d. case it holds

5(xo) < ro/Vn, w(ro) < ro/V/n.

The radius ro should fulfill 3 > C(p, + x) to ensure the large deviation result. This
yields

€ = (ro) + 3vpa’w(ro) > Cv/(pn + x)/n.

If we fix x = Cp,, , our BvM result requires the condition “e€ p,, is small”, which effectively

means that p3/n — 0 as n — co.
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5.8 Proof of Theorem 3.2

First we check that the required conditions of Section 4.1 are fulfilled in the considered
example. This can be easily done if we slightly change the definition of the local set

Yo(rp) . Namely, for u* = (uj,... ,u;‘,n)T, define 75(+/3) as a rectangle
Yo(v3) € {u: MyK(ujul) <3 5=1,...,p.}.
Here K(u,u*) is the Kullback-Leibler divergence for the Poisson family:
K(u,u*) = e(u—u*) — e + e .
Lemma 5.3. Let 3, be such that 2ppe=3" < 1/2. Then it holds
P(u € Y(V3n)) > 1—dppe ¥, (5.12)
In particular, the choice 3, = %, + log(py) with %, = Clogn provides
P(u € Y(Vim)) > 1—4de ™. (5.13)
Proof. We use the bound from Polzehl and Spokoiny (2006)
P (MK (tj, uf) > 3) < 273,
This yields
P(a € Yo(Van)) = (1 —2e73)"".

Now the elementary inequalities log(l — a) > —2a for 0 < o < 1/2 and ¢® > 1 -6
for § > 0 applied with «, = 2e73" and §, = 2a,p, imply

(1 — ay)Pr = elog(l—an)pn > o=2anpn > 1 _ 20nPn

and (5.12) follows. O

In the special case uj = ... =uy; =u", the set 7p(,/3) is a cube which can be also

viewed as a ball in the sup-norm. Moreover, if 3,/(M,e*" ) < 1/2, this cube is contained
in the cube {u : [lu — u*|s < W} in view of e — 1 —2 < a® < 1/2 for
|z] < a < 1. The concentration bound (5.13) enables us to check the local conditions
only on the cube Yy(/3,). Especially the condition (€D;) is trivially fulfilled because
¢(u) = L(u) — [EL(u) is linear in w and 6 is a linear functional of w. Condition (L)

can be checked on 19(y/3n) With 0(3n) = \/3n/(Mne?").

It remains to compute the value D(Q) .
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Lemma 5.4. Let v* = 1/p, . Then it holds
D§ =paB,>.
Now we are ready to finalize the proof Theorem 3.2.

Proof. Let B, be bounded. The definition implies

w0 —0,) = lo J >
b ( ) ]z:; g<Zj/Mn

The posterior distribution v ‘ Y is Gamma(oj, pj) with a; =1+Z; and p; =

Mnl;+1 :
We use following decomposition

Uj _ Mn,ujaj

ZJ/Mn Oéj —1

(1 + a{l/Q'yj) ,

where

def
v = (o) P (v — o)

has zero mean and unit variance. We can use the Taylor expansion

P
—-1/2
pn(ﬁ— Zlog(l—M +1> Zlog(l—i— >~I—j§1log<1+aj 7]')'

7j=1
Now let’s take into account properties of real data distribution.

M, Dn
= 1
AN < * Mn5”>’

where J; is asymptotically standard normal.

Suppose now that 53/\/zTn—> 0 as p, — oo. Then M, /p, = (\/]Tn/,é’?’)

as p, — oo. Thus for p, sufficient large, o; ~ M, /p,. Moreover, it holds for p,
1/2

2/3 2/3
/ /—)OO

sufficiently large that maxj—q . ,, o |vj| < 1/2 with a high probability. Below we
can restrict ourselves to the case When o 1/2 |v;] < 1/2. This allows to use the Taylor
expansion

3 > Slor(1+ 2

— Hn) = log< > log (1 + > log
= My +1
Pn Pn Pn
1 1 1,
S DEEEES D g A
Pt 1 OVY = 20

One can easily check that the remainder R is of order A32/./pn —> 0. Moreover,

Dn 1/2 ", 7j is asymptotically standard normal, while p Py 1 'yJ P, 1. CLT here
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can be easily checked because of the Lyapunov condition being valid. Also ?ll(aj —

)t = % + 0n(B2) . Now check what happens if 3, — 0
5 = 1 S~ Bax= e w
B pn(0 — 0,) = B + \/}Tn;vj — 2%;7]- + 0,(1) =2 N(0, 1).
Similarly, with 8, = 3,
1 a e B -2 <
B pa(0—6,) = B+ \/177]-2::1% - 2%;% +on(1) — N(8/2,1).

This proves the result for 8, = . Finally in the case when 3, grows to infinity, but
B3/ /B — 0, then B71(6 — 6,) - oo 0

5.9 Proof of Lemma 5.4
Proof. Let w; = u; —uj. Then
Pn B
Llu,u™) = L(u) — L(u*) =Y {Z;1; — Mup, ' (" — 1)},
j=1

The expected value of Z; is M, /p, which leads to following expectation of likelihood:

M, & - My, &S
EL(u,u’) =" (0~ (€7~ 1)) = == 3"+ O(|al?).
Pn = DPn =1

Then we substitute u, = p,0 — Z?ZQ U; , where 6 =6 — 6*. Thus we get

. Mn]. _ Pn B Mn Pn ﬂ2 o
EL(u,u") = —75(1%9 -y ) - ZTZ - T O(I=l?).
n =2 noj=2

This Taylor expansion allows us compute components of Fisher information matrix:

pfl —Pn . ... —Dn
—p, 2 1 .01
M, | .
D} =-VIEL(u) = —"| 1
Pn
1
—p, 1 ... 1 2

The Fisher information for the target parameter # can be computed as follows:

Dj = Mupa(1—€'Q7"e),
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where e = (1,...,1)T and Q = I + F with F = ee' being the matrix of ones of size
(pn — 1) X (pp — 1) . It follows

e Q le=tr(e'Q le) = tr(Q lee) = tr((E+I)'E).

Further, (E+I)"'E=1— (E+ 1)~} yielding
Pn
e'Qle=t{I-(E+D "} =(pn—1)—tc{(E+D "} =(pn—1) = DN\,
j=1

where ); are eigenvalues of matrix (E + I)~'. It is easy to see that A\; = p,! while
/\2 :'”:)‘pn—l = 1. Thus

e'Qle=(pn—1)—{p,' +(n -2} =1-p,",
lng = ann(l - eTQ_le) = ann{l - (1 _pgl)} = My :pi 7:27

which completes the proof. ]
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